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Nomenclature
a = maximum lateral displacement [Eqs. (5) and (6)]
b; c = constant [Eq. (5)]
E = Young’s modulus
I = area moment of inertia
k = rotational spring stiffness
L = length of the beam
m = mass per unit length of the beam
P = tension in the beam due to large amplitudes
r = radius of gyration
TNL = nonlinear period
t = time variable
W .t/ = time function of lateral displacement
w.x/ = spatial function of lateral displacement
x = axial coordinate
® = a=r
¯ = coef� cients in Eqs. (8–10)
° = rotational spring stiffness parameter (kL=EI)
¸L = nondimensionalfrequency parameter .m!2

L L4=EI/
!L = linear radian frequency
!NL = nonlinear radian frequency

Introduction

C OMPONENTS such as uniform beams are encountered in
many engineering structures including aerospace structures,

such as framed interstages and payload adapters. These structures
experience a severe dynamic environment during � ight. Because
these structural elements are slender, they are prone to large am-
plitudes. As such their frequency–amplitude relationship has to be
evaluated.This is also useful for frequency-responseanalysis.

The � rst attempt to study the large-amplitudevibration behavior
of hinged beam, with axially immovable ends is by Woinowsky-
Krieger.1 Some approximate analytical methods such as Ritz–

Galerkin (see Ref. 2) and versatile numerical methods such as the
� nite element method (with some simplifying assumptions)3;4 are
used to solve thisproblem.A re� nedaccurate� niteelementmodel is
presented by Singh et al.5 However, only classical boundary condi-
tions are consideredin these studies.Also, thesemethods2¡4 assume
both spatial and temporal modes for the lateral displacement of the
vibrating beam with large amplitudes.

In actual practice, depending on the end support � exibility, the
ends of the beams can be treated as elastically restrained against
rotation. As such, a study of the large-amplitude behavior of slen-
der uniformbeams, with axially immovable ends, is important.This
can be achieved by assuming elastic rotational springs with speci� c
values of rotational stiffness to represent the type of support. Even
though the � nite element method with simplifying assumptionshas
been effectively used6 for this purpose, it involves a large compu-
tational effort because of the multiple parameters involved in the
problem.
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In this Note, a simple analytical method is presented to obtain
the large-amplitudebehavior of spring–hinged uniform beams that
are symmetric with respect to the midpoint of the span of the beam.
The admissiblefunctionsfor the lateraldisplacementfor the spring–

hinged boundary conditions are evaluated following the method
proposed by Elishakoff.7 The � nal governing differential equation
in time is solved by numerical integration to obtain the ratio of
nonlinear to linear frequencies.

Formulation
The differential equation governing the spring–hinged beam

(Fig. 1), with axially1 immovable ends is

EIwIV D ¡m Rw C Pw00 (1)

with the boundaryconditions(consideringthe right half of the beam
because of symmetry)

w.L=2/ D 0 (2)

EIw00 C kw0 D 0 (3)

at x D L=2. A variable separable solution for w is assumed as

w D W ¢ w.x/ (4)

where W is a function of time t only. An admissible function for
w.x/ in space is assumed as

w.x/ D a C bx2 C cx4 (5)

When the boundaryconditions[Eqs. (2) and (3)] are used, w.x/ can
be obtained in terms of a as

w.x/ D a
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The tension P developedin the beambecauseof large amplitudes
is given by1

P D
EI

4Lr 2

Z L=2

0

[w0.x/]2 dx (7)

Substituting Eq. (6) in Eq. (1), and eliminating the space variable
by using the Galerkin error-minimization method, we get the � nal
differential equation in time as

L4m RW=EI D ¯aW C ¯b®2W 3 (8)

where ® D a=r and

¯a D 504.2 C ° /.12 C ° /

124 C 22° C ° 2
(9)

¯b D 1024.102 C 18° C ° 2/

35.10 C ° /2.124 C 22° C ° 2/
(10)

Note that, in the precedingequations, the extreme cases of simply
supported and clamped conditions are represented when ° D 0 and
when ° ! 1, respectively. Equation (8) is the famous Duf� ng’s
equation and can be solved either through elliptic integral functions
of � rst kind or by a direct numerical integration method.

Even thoughthe solutionofEq. (8) can be elegantlyrepresentedin
the form of elliptic integral functionsof � rst kind,8 one has to resort
to eithera curve� ttingor an interpolationmethodto get the valuesof
the elliptic functions. For a given ° and ®, in general, the integrals
cannot be read directly from the elliptic integral function tables

Fig. 1 Uniform spring–hinged beam.
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because those are given for regular intervals, for example, in steps
of 2-deg intervals.9 Sometimes this process induces some errors
in the numerical results. Hence, the direct numerical integration
method, which will give the desired degree of accuracy, is used to
obtain the numerical results for a given ° and ®.

Direct Numerical Integration Method
Equation (8) can be written as

RW C ¯1W C ¯2W 3 D 0 (11)

where

¯1 D ¡.EI=mL4/¯a (12)

¯2 D ¡.EI=m L4/¯b (13)

WhenEq. (11)is integrated,thenonlinearperiodTNL canbeobtained
as

TNL D 2¼

!NL
D 4

Z ¼=2
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(14)

where !NL is the nonlinear radian frequency. (The details of the
algebraicmanipulationsare notgivenhere becausethey are straight-
forward.)

The linear radian frequency !L can be easily obtained from
Eq. (14) by neglecting the ¯2 term, that is, ¯2 D 0. The integral
in Eq. (14) can be numerically integrated to obtain both !L for any
° and !NL for any ° and ®.

Numerical Results and Discussion
Figure 1 shows a uniform beam with ends hinged and also elasti-

cally restrained against rotation and symmetric about the center of
the span of the beam. The accuracy of the present solution is thor-
oughly examined for ° D 0 (hinged beam) and for ° D 105 (mod-
eling a clamped beam), which are the two extreme cases of the
rotational spring stiffness parameter.

Table 1 gives the values of !NL=!L for a hinged beam (° D 0/
obtained from the present method along with literature values.1¡5

The value of the fundamental frequency parameter ¸L is also pre-
sented to assess the accuracy of the linear frequency obtained from
the present solution. It can be seen from Table 1 that the present so-
lution (the nonlinearpart), with a simple polynomialapproximation
that includes ° , gives accurate results even for a very high ®, for
example, 5.0, and is very close to the exact solution of Woinowsky-
Krieger1 and the accurate solution obtained by the re� ned � nite
element method.5

The valuesof!NL=!L for a clampedbeam .° D 105 for thepresent
solution) are tabulated in Table 2 along with the two � nite ele-
ment solutions4;5 and with the solution obtained by Woinowsky-
Krieger’s1 approach using a trigonometric admissible function
for the spatial part of the lateral displacement w.x/, taken as
w.x/ D .a=2/[1¡cos.2¼x=L/]. Table 2 shows that the results (non-
linear part) obtained from the present solutionmatch very well with
the two � nite element solutions.4;5

The results in terms of !NL=!L of a symmetric spring–hinged
uniform beam can be seen in Table 3, for typical values of ° D 1:0

Table 1 Frequency ratio (!NL/!L ) values for a hinged beam (° = 0)

® Present solutiona Ref. 1 Ref. 2 Ref. 3 Ref. 4 Ref. 5

0.0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
0.2 1.0038 1.0038 1.0037 1.0037 —— 1.0037
0.4 1.0150 1.0150 0.0149 1.0148 —— 1.0148
0.6 1.0333 1.0380 1.0330 1.0329 —— 1.0331
0.8 1.0584 1.0580 1.0583 1.0578 —— 1.0581
1.0 1.0897 1.0897 1.0897 1.0889 1.0888 1.0892
2.0 1.3196 1.3160 1.3220 1.3183 1.3110 1.3178
3.0 1.6290 1.6260 1.6370 1.6260 1.6022 1.6257
4.0 1.9808 1.9760 2.0000 1.9715 —— 1.9761
5.0 2.3564 2.3500 2.3850 2.3341 —— 2.3502

aParameter ¸L D 97.548.

Table 2 Frequency ratio (!NL/!L ) values for a clamped
beam (° = 105 )

® Present solutiona Ref. 4 Ref. 5 Ref. 1 procedureb

0.0 1.0000 1.0000 1.0000 1.0000
0.2 1.0009 —— 1.0009 1.0009
0.4 1.0035 —— 1.0036 1.0037
0.6 1.0078 —— 1.0080 1.0084
0.8 1.0138 —— 1.0142 1.0149
1.0 1.0215 1.0217 1.0221 1.0231
2.0 1.0831 1.0831 1.0854 1.0892
3.0 1.1778 1.1756 1.1825 1.1902
4.0 1.2979 —— 1.3055 1.3178
5.0 1.4369 —— 1.4474 1.4647

aParameter ¸L D 503.96. bWith w.x/ D .a=2/[1 ¡ cos.2¼x=L/].

Table 3 Frequency ratio (!NL/!L ) values
of beam for ° = 1.0 and 100.0

!NL=!L

® Present solution Ref. 6

° D 1:0a

0.0 1.0000 1.0000
1.0 1.0651 1.0615
2.0 1.2379 1.2241
3.0 1.4791 1.4476
4.0 1.7603 ——
5.0 2.0655 ——

° D 100:0b

0.0 1.0000 1.0000
1.0 1.0220 1.0218
2.0 1.0850 1.0835
3.0 1.1818 1.1764
4.0 1.3044 ——
5.0 1.4459 ——

aFor the present solution, ¸L D 133:71, and for the solu-
tion of Ref. 6, ¸L D 133:44.
bFor the present solution, ¸L D 467:19, and for the solu-
tion of Ref. 6, ¸L D 464:05.

and 100.0. The present results (nonlinear part) agree well with the
� nite element solution of Rao et al.4 for the available values of
®. Furthermore, the authors are of the opinion that based on the
accuracy achieved with the present solution for the extreme cases
of ° D 0 and 105, the results obtained for the intermediatevalues of
° D 1:0 and 100.0 are more accurate compared to the � nite element
solution4 with simplifying assumptions.

Conclusions
A direct numerical integration method is used to evaluate the

nonlinear vibration behavior of beams with symmetrically placed
spring–hinges. The admissible lateral displacement function to sat-
isfy the spring–hinged boundary conditions is derived in an el-
egant way. The numerical results presented indicate the ef� cacy
of the method used to obtain the admissible lateral displacement
functions to represent the spring–hinged boundary conditions. A
thorough examination of the numerical results obtained from the
present method when compared to those reported in literature
demonstrates the accuracy that is achieved. To the best of the au-
thors’knowledge,theseare theaccuratenumericalresults,presented
for the � rst time, for the nonlinear vibrations of spring–hinged
uniform beams.
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I. Introduction

T HE baselinematerialpropertiesof compositematerialsare sus-
ceptible to errors due to variousdefects during the manufactur-

ing and operation. Thus, accurate estimation of the actual material
properties is absolutely necessary for accurate numerical analysis.
In the presentNote, an ef� cient and accurate procedure is presented
for the nondestructivematerial property identi� cation of composite
plates.

One of the popular nondestructivetests to identify material prop-
ertiesof compositestructuresis to utilizedynamic responsessuch as
natural frequenciesand mode shapes.Dynamics updatingproblems
are solved by inverse procedures,1¡6 where perturbation methods
based on the Taylor series expansion is usually adopted. Optimiza-
tion techniques based on the conjugate-gradientmethod have been
introduced that minimize the error norm of measured data and nu-
merical results.5 However, because the mass matrix is not updated,
the material properties may be distorted due to the inaccuracies in
the mass matrix.6 Although the accuracy of the predicted dynamic
behaviors may be enhanced by considering the dynamic response
data, the evaluatedstatic behavioris prone to error.With inclusionof
staticdata in the updateprocess, thesedif� cultiescouldbe relieved.7

Recently neural networks have drawn attention due to their pow-
erful capabilitiesof pattern recognition,classi� cation, and function
approximation.A neural network has been utilized for the identi� -
cation of material properties and damage detection by recognizing
patterns of dynamic behavior and modal parameters.8 Because the
neural network does not require an explicit equation relating input

Received 13 February 2000; revision received 30 January 2002; accepted
for publication21 May 2002.Copyright c° 2002by the American Instituteof
Aeronautics and Astronautics, Inc. All rights reserved. Copies of this paper
may be made for personal or internal use, on condition that the copier pay
the $10.00 per-copy fee to the Copyright Clearance Center, Inc., 222 Rose-
wood Drive, Danvers, MA 01923; include the code 0001-1452/02 $10.00 in
correspondence with the CCC.

¤Research Assistant, Department of Aerospace Engineering.
†Associate Professor, Department of Aerospace Engineering, Institute of

Advanced Aerospace Technology; yhkim@gong.snu.ac.kr.Member AIAA.

data and output results, it can be utilized to solve complex inverse
problems without calculationof the sensitivity,where the in� uence
of certainparameterson the mass andstiffnessof the structuresis not
obvious. Accurate predictionwith neural networks usually requires
many training input/output patterns, resulting in a large amount of
computing time. This is one of reasonswhy most research is limited
in application of neural network to simple problems.

In this Note, a neural network and an evolution algorithm are
combined for the ef� cient predictionof material propertiesof struc-
tures. The neural network can make accurate predictionsby using a
small number of training data sets that is carefully selected through
the evolution process.9 The present method is a simple algorithm,
shows rapid convergence,and does not require sensitivitycomputa-
tions.The applicabilityof the proposedmethod for the identi� cation
of the material properties of composite plates and the accuracy of
the numerical analysis of static and dynamic behaviors using the
identi� ed material properties are investigated.The identi� cation of
material properties is accomplished by minimizing the difference
between experimental measurements and the correspondingvalues
of the dynamic responses and the static de� ection obtained by the
� nite element analysis. The measurements of both static and dy-
namic responses ensure reliability in the prediction of the static as
well as dynamic behavior.Accuracy and applicabilityof the present
method are demonstratedby both numerical and experimental tests
of carbon-fabric composite plates.

II. Optimization Using Neural Network
and Evolution Algorithm

In the presentstudy, the neuralnetwork,combinedwith the evolu-
tion algorithm,is used for the identi� cationof material propertiesof
composite structures. The neural network plays the role of approx-
imating and recognizing the complex relationship between input
patterns and output patterns. Figure 1 shows the prediction using
the neural network. The input patterns consist of natural frequen-
cies and static de� ection, whereas the output patterns consist of
the normalized material properties of the composite structures.The
training input/output pairs are generated by � nite element analysis
of the composite structure. However, to obtain an accurate neural
network prediction, a large amount of training data is required.The
computational costs to generate such large training patterns and to
train such large patterns would be very expensive. Therefore, in
this work, we introduce an evolutionary procedure, where quali-
� ed training data are chosen for the neural network using a simple
evolution algorithm. With such an evolutionaryprocedure, compu-
tational costs in training the neural network, as well as in generating
the training patterns, can be substantially reduced.

An evolution algorithm is employed to aid in acceleration of the
convergenceof the neural network learning and in enhancementof
the accuracy of the identi� ed material properties. The criterion for
the selectionprocess is to minimize the error norm given as follows:
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(1)

where wi and w0
i are the eigenvalues of the dynamic problem ob-

tained numerically and experimentally, respectively, and ± and ±0

are the numerical and experimental de� ections, respectively. The
scheme of optimization is shown in Fig. 2.

III. Identi� cation Procedure
A schematic � owchart of the procedure is given in Fig. 2. The

identi� cation procedure is composed of the following processes.
First, k input/output pairs are generated for the initial neural net-

work training.Note that k sets of initial vectorsXi , i D 1; : : : ; k, are
chosen from U .a; b/n as the output vector of the neural network,
where Xi is a random vector, whose components are the normal-
ized material properties. U .a; b/n denotes n-dimensional uniform
distribution ranging over [a; b]. The corresponding input vector is
the natural frequencieswi and the static de� ection ± obtainedby the
� nite element method using the material properties of Xi .

Second, material property is predicted using the neural network.
The neural network trained by the k input/output patterns predicts


